The goal in designing mode-evolution based devices is to realise short and high-fidelity components. The counterdiabatic protocol in coherent quantum state control can be used to cancel unwanted coupling between adiabatic modes in mode evolution but is not directly realisable in the coupled-waveguide system. By finding alternative coupled-mode equations that links to the same interaction picture dynamical equation as the counterdiabatic protocol via unitary transformations, we have derived a universal formalism for the design of short and high-fidelity mode-evolution based coupled-waveguide devices. Starting from a traditional adiabatic device design, the counterdiabatic protocol leads to a high-fidelity device, with its evolution following the adiabatic modes exactly even when the adiabatic condition is violated. Tolerance analysis shows that the counteradiabatic devices combine the advantages of adiabatic and resonant devices. The formalism is used to design asymmetric waveguide couplers. 24085-24092 (2012). 14. S. Longhi, "Quantum-optical analogies using photonic structures," Laser and Photon. Rev. 3, 243-261 (2009 
Introduction
Mode-evolution based coupled-waveguide devices have been widely used in optical communications to transfer light between different components. For example, two-by-two couplers [1] , mode transformers [2] , and polarisation splitters [3] have been proposed or demonstrated in integrated optics. The idea behind mode-evolution based devices is to have the system following adiabatically the local eigenmodes of the device while minimising coupling of the eigenmodes, and the devices generally have more relaxed fabrication tolerances and larger bandwidth. However, these devices have to be sufficiently long to satisfy the adiabatic condition [4] . Otherwise, unwanted coupling among the adiabatic modes would deteriorate the device performance. Long device length also reduces device density and induces more transmission losses.
A universal adiabaticity criterion for designing mode-evolution based coupled-waveguide device has recently been derived by analysing the power coupling between the adiabatic modes [2] . The criterion also gives the shortest length of a mode-evolution based coupled-waveguide device for a given maximal tolerance. In addition to length reduction, the other requirement in the design of mode-evolution based coupled-waveguide devices is to obtain the desired output mode with the highest fidelity, that is, to obtain the highest coupling/transformation/conversion efficiency. In nearly all adiabatic mode-evolution devices, the efficiency is close to, but less than 1. The ultimate goal in component design is thus to realise short and high-fidelity modeevolution based devices. The problem at hand is analogous to the problem of coherent quantum system state control, with the goal of performing fast state control with high-fidelity. Several methods have been proposed for high-fidelity quantum system driving [5] [6] [7] [8] [9] [10] [11] [12] . The counterdiabatic [8] [9] [10] [11] [12] protocol ensures a perfect and fast following of the adiabatic states, and its optical realisation has been proposed in multimode waveguide mode converters using long-period gratings [13] . The approach of this paper is based on the similarity between the scalar and paraxial wave equation describing spatial light propagation in weakly-coupled waveguide structures and the Schrödinger equation describing temporal quantum states evolution in a system driven by external electromagnetic fields, with the Hamiltonian H 0 related to waveguide geometries [14] . The above Schrödinger picture representation can be linked to the interaction picture by a unitary transformation U, and the interaction picture Hamiltonian is H I = U † (H 0 − K)U, with K = ihUU † . When K is negligible, the adiabatic approximation is valid, and the system follows the eigenstates of H 0 closely. The counterdiabatic protocol adds the counterdiabatic term H cd = K to H 0 to cancel any coupling between the adiabatic states such that the system follows the eigenstates of H 0 perfectly even for short process times [8, 9] .
There exists, however, a problem in realising the counterdiabatic protocol in coupled-waveguide devices. The straightforward application of the protocol results in coupling terms that require non-zero imaginary part in the coupling coefficient, which is not realisable in a linear coupled-waveguide system [15] . It is recently suggested that a common interaction picture dynamical equation can correspond to multiple Schrödinger equations that represents different physical processes [16] . In this paper, we show that, by proper unitary transformations, the counterdiabatic protocol can be transformed into a Schrödinger picture Hamiltonian that is physically realisable in coupled-waveguide systems. The formalism is applicable to the design of short and high-fidelity mode-evolution based coupled-waveguide devices.
Theoretical analysis

Coupled-mode equations
The theory described in this paper can be applied in general to weakly-coupled waveguide structures described by the coupled-mode theory [17] . For the convenience of theoretical derivation, we consider the coupled-waveguide system shown schematically in Fig. 1 . It consists of two waveguides, waveguide 1 and waveguide 2, placed in proximity with propagation constants β 1 and β 2 . The refractive index or geometry of the two waveguides are allowed to vary along the propagation direction z. Light is coupled into the device at z = 0 and out at z = L. Under the scalar and paraxial approximation and assuming weak coupling [18] , the changes in the guidedmode amplitudes in the individual waveguides [A 1 , A 2 ] T with propagation distance is described by coupled-mode equations as
where κ (real) is the coupling coefficient, and Δ = (β 1 −β 2 )/2 describes the degree of mismatch between the waveguides. Replacing the spatial variation z with the temporal variation t, (1) is equivalent to the time-dependent Schrödinger equation (h = 1) describing the interaction dynamics of a two-state system driven by a coherent laser excitation, and H 0 is the Hamiltonian. H 0 can be written in terms of Pauli spin matrices as H 0 = κσ x + 0σ y + Δσ z and mapped to a real three dimensional space as a rotation vector Ω 0 = [κ, 0, Δ] T . When the input state coincides with Ω 0 , adiabatic evolution is achieved with H 0 by slowly varying κ and Δ so that the system state follows Ω 0 collinearly to a final state with motion on the x − z plane. If the adiabatic condition is not satisfied, the system state cannot follow Ω 0 , resulting in low conversion efficiency. Also, we note that the adiabatic following is an approximation. Even if the adiabaticity criterion is satisfied, efficiency is generally close to, but less than 1.
Counterdiabatic term
A counterdiabatic term can be constructed to undo the effects of nonadiabaticity on the state evolution and obtain short and high-fidelity conversion [9] . We consider the interaction picture constructed using the adiabatic basis |a n that diagonalises H 0 so that U = ∑ |a n a n |. The counterdiabatic term thus obtained is
with κ a (z) = (κΔ −Δκ)/(κ 2 + Δ 2 ). The counterdiabatic protocol Hamiltonian is thus
However, for linear coupled-waveguide system, the rotation vector is confined to the x − z plane [15] , rendering the counterdiabatic protocol not physically realisable. Fig. 1 . Schematic of the mode-evolution coupled-waveguide system.
Unitary transformation
We can construct the physically realisable counteradiabatic protocol by recasting H 0 + H cd = κσ x + 1 2 κ a σ y + Δσ z in the form κ s σ x + Δ s σ z , eliminating the need for non-zero imaginary part in the coupling coefficient. For the coupled-waveguide system, the required transformation can be obtained by observing that a rotation around the z-axis will bring Ω cd back to the x − z plane. Write
where
we can apply the z-axis rotation [6] 
hence the interaction picture Hamiltonian becomes
with κ s = k = κ 2 + (κ a /2) 2 and Δ s = Δ − (1/2)φ . It can be regarded as a Schrödinger picture Hamiltonian, and together with (3), link to the same interaction picture Hamiltonian. Casted in the new basis, it can now be realised using the coupled-waveguide system and guarantees the same fast and high-fidelity mode evolution described by H 0 + H cd .
The counterdiabatic coupler
For an adiabatic coupler originally designed with coupling coefficient κ and mismatch Δ, the mode evolution cannot follow the adiabatic modes when the adiabatic condition is not satisfied, and the fidelity is close to, but less then 1. From the above analysis, the corresponding counterdiabatic coupler designed using the counterdiabatic formalism with coupling coefficient κ s and mismatch Δ s would follow the adiabatic eigenmodes of H 0 perfectly to ensure fast and high-fidelity coupling. In the following numerical analysis, we use examples to show how these formulas can be used to obtain parameters directly related to waveguide structures for device design.
Numerical analysis
Adiabatic following
We numerically solve (1) using the common adiabatic formalism and the corresponding counterdiabatic formalism at different device lengths. For the common adiabatic devices, the mode evolution follows one of the eigenmodes of the device to transfer power from one waveguide to the other. One strategy to minimise the coupling between the eigenmodes is to design the taper functions such that the separation of the eigenvalues is the maximum value allowed by the system throughout the evolution. Since the local eigenvalues of H 0 are ± √ Δ 2 + κ 2 , we can then put κ = κ 0 sin θ and Δ = κ 0 cos θ [1] . When the adiabatic condition 
It is clear that as the device length increases, the power evolution follows the eigenmode more closely, and the coupling efficiency at the output is closer to 1. At shorter lengths, some large ripples can be seen, indicating scattering of power from one eigenmode into the other. Small ripples can still be seen even for the 50 mm device. 
Counterdiabatic following
Then, we implement the counteradiabatic formalism given in (5) by replacing the Hamiltonian in (1) with κ s σ x + Δ s σ z . Solving (1) using [A 1 (0), A 2 (0)] T = [1, 0] T as the input, the results are also shown in Fig. 2 (solid lines) . The fractional power evolution coincides with the eigenmode completely for every device length, demonstrating high-fidelity power coupling predicted by the theory. To illustrate the magnitude of coupling and waveguide mismatch required to implement the counterdiabatic formalism, we show the required κ s and Δ s for the four device lengths considered in Fig. 3 (solid lines) . Also shown in the figure are the associated κ = κ 0 sin θ and Δ = κ 0 cos θ of the original adiabatic devices (dashed lines). To implement the counterdiabatic formalism in a coupled waveguide system shown in Fig. 1 , one designs the waveguide separation as a function of z to realise the coupling coefficient κ s , and the waveguide widths are adjusted as a function of z to achieve the required mismatch Δ s . From Fig. 3(a) , we can see that when the device length is short, the required additional coupling and mismatch are also increased throughout the device; thus putting a limit on the physically realisable shortest length of the counterdiabatic coupler depending on the chosen waveguide platform. For longer device lengths in Figs. 3(b)-3(d) , additional coupling and mismatch at the beginning and the end of the device are sufficient to cancel the ripples seen in Figs. 2(b)-2(d) . Next, we calculate the coupling efficiency variation with device length. The coupling efficiency from waveguide 1 to waveguide 2 for the adiabatic coupler (dash-dotted) and the counterdiabatic coupler (solid) are shown in Fig. 4 . It is clear that the curve for the adiabatic coupler have sidelobes, indicating the possibility of obtaining less than perfect fidelity even for long device lengths. On the other hand, the counterdiabatic coupler achieves complete coupling for any device length, showing the desired properties of short and high-fidelity mode-evolution based coupled-waveguide devices. In this analysis, no limits are put on the coupling coefficient and mismatch of the coupler to account for physical realisability of the devices. Once a particular waveguide system is chosen, practical considerations such as the achievable coupling gap would limit the coupling coefficient and mismatch of the practical design. The device length cannot be reduced indefinitely. As long as the required coupling and mismatch can be realised with the chosen waveguide system at a particular length, the counterdiabatic formalism always ensures perfect fidelity.
From the above analysis, we can see that the counterdiabatic formalism works to ensure perfect fidelity and exact following of the original adiabatic eigenmodes when the adiabatic condition is satisfied; and when the adiabatic condition is not satisfied, its additional coupling also works to ensure complete power transfer. For the traditional adiabatic couplers, the adia- baticity of the device can be improved by increasing its coupling strength as well. For example, the adiabatic condition for the devices discussed above reads L π 2κ 0
. By increasing the coupling strength κ 0 , the adiabatic condition can be satisfied at shorter device lengths. However, even with the increased coupling, the device still works under the adiabatic approximation. That is, the fidelity will be close to but not equal to 1, and the ripples seen in the dash-dotted lines in Fig. 2 will remain. On the other hand, the counterdiabatic formalism works to cancel all unwanted coupling between adiabatic modes in mode evolution so that the fidelity is always perfect.
Comparison with adiabatic and resonant design schemes
While the addition of H cd might seem a daunting task in quantum system state control because the level of control needed over laser pulse parameters in order to implement the timedependent κ a , the implementation of the counterdiabatic formalism in coupled-waveguide system is straightforward with modern fabrication technologies. Apparently, κ s and Δ s depend on H 0 , and some control of the waveguide parameters over the propagation distance is required to implement the counterdiabatic design. We know that adiabatic designs requires less precise control over waveguide parameters, while on the opposite end, resonant coupling techniques require very precise definition of the coupling length and coupling coefficient [18] . So the question that naturally arises is: how does the counteradiabatic coupler compare with the adiabatic coupler and the resonant coupler in terms of robustness to waveguide parameter variations?
Before answering this question, we first note that the counterdiabatic term H cd in (2) itself drives the system along the eigenstates of H 0 exactly [12] , and the system characteristics of a system driven by H cd are the same as a resonantly coupled device [8] . So, we consider the system tolerance to coupling coefficient variations for different device lengths by numerically solving (1) for three cases: (a) the adiabatic coupler described by H 0 , (b) the counterdiabatic coupler described by H 0 + H cd , and (c) the resonant coupler described by H cd . The design parameters are fixed for all three cases at every device length. The coupling efficiencies from waveguide 1 to waveguide 2 subject to ±50% variations in coupling coefficients uniformly along the couplers for all three cases are shown in Fig. 5 . The adiabatic coupler in Fig. 5(a) shows good tolerance to coupling coefficient variations when the device length is long enough.
And the ripples seen in the figure indicates less than 1 fidelity due to coupling between the adiabatic modes. As expected, the tolerance of the resonant coupler in Fig. 5(c) is inferior to the other two couplers, and its characteristics can be described by the square of a sinusoidal function [18] . The results for the counterdiabatic coupler are shown in Fig. 5(b) . At the short length extreme, its tolerance is the same as the resonant coupler. This is expected because H cd is dominant. As the device length increases, the tolerance of counterdiabatic couplers exceeds that of resonant couplers and is comparable to the adiabatic couplers; at the same time, the ripples seen in adiabatic couplers are reduced, indicating higher fidelity than adiabatic couplers. For even longer device lengths, the tolerance of counterdiabatic couplers becomes the same as adiabatic couplers because H 0 is dominant now. The level of waveguide parameter engineering required to implement the counterdiabatic scheme is on the same level of resonant designs in the short device length limit. For the intermediate length, the engineering requirement is relaxed to the level of adiabatic designs, and the fidelity is improved. For the longer device length, the engineering requirement is the same as adiabatic devices. So, the counterdiabatic coupler provides a high-fidelity and robust transition from the short but not robust resonant coupler to the long but robust adiabatic coupler. Of course, the price to pay is the extra coupling strength and mismatch needed to implement the counterdiabatic term H cd . 
Device design examples and beam propagation simulations
Simulation model
In the above analysis, we use numerical solutions of the coupled-mode equations to illustrate that one can start from an arbitrary adiabatic coupler design, applying the counterdiabatic formalism, and obtain the corresponding counterdiabatic coupler, which can be shortened beyond the adiabatic limit and ensures perfect fidelity. In this section, we illustrate the design of adiabatic waveguide couplers and their corresponding counterdiabatic couplers in a conventional planar integrated optics platform and perform beam propagation method (BPM) simulations to verify the designs. The scalar 2D BPM code used in the simulations solves the scalar and paraxial wave equation using the finite difference scheme with the transparent boundary condition [19] . We choose a polymer channel waveguide structure for beam propagation simulations. Similar structures have been experimentally demonstrated by photolithography and reactive-ion etching (RIE) [20] . The design parameters are chosen as follows: 3 μm thick SiO 2 (n =1.46) on a Si (n = 3.48) wafer is used for the bottom cladding layer, the core consists of a 2.4 μm layer of BCB (n = 1.53), and the upper cladding is epoxy (n = 1.50). The device is simulated at 1.55 μm input wavelength and the TE polarization. Subsequent waveguide design and BPM simulations are performed on the 2D structure obtained using the effective index method. For the chosen waveguide system, the relation between the mismatch Δ and width difference δW can be approximated by a linear relation [21] , and the relation between the coupling coefficient κ and waveguide separation D in a symmetric coupler is well fitted by the exponential rela-
. We also assume that the exponential relation can be used to obtain an estimation of the coupling coefficient in the asymmetric coupler [21] . While a mode solver could be used to determine the coupling coefficient and mismatch precisely without the above approximations, we use these approximate forms in our device design for their convenience and to demonstrate that the proposed counterdiabatic formalism can be tolerant to possible waveguide parameter imperfections resulting from these approximations as discussed in section 3.3. The devices considered are weakly coupled, such that the system evolution can be described by the superposition of the unperturbed modes of the individual waveguides using the coupled-mode theory as in (1) . So, the counterdiabatic protocol can be applied.
L = 5 mm devices
To verify the calculations in the previous section, we first design an adiabatic coupler using the parameters shown by the dash-dotted lines in Fig. 3(a) . The design result is shown in Fig. 6(a) . The geometry of the adiabatic mode-evolution coupler is determined by adjusting the relative separation between the waveguides and the waveguide widths to satisfy κ = κ 0 sin(πz/L) and Δ = κ 0 cos(πz/L) with κ 0 = 1 mm −1 and L = 1 mm. As explained in section 3.1, this design, even though not being the best possible taper function, minimise the coupling between the eigenmodes because the separation of the eigenvalues is the maximum value allowed by the system throughout the evolution. We excite the lower waveguide by its unperturbed mode at z = 0, and the BPM result is shown in Fig. 6(a) . The corresponding waveguide power evolution obtained by the overlap integral of the propagating field and the unperturbed waveguide modes is shown in Fig. 6(b) . The result agrees very well with the coupled-mode equation solution shown by the dash-dotted lines in Fig. 2(a) . Next, we design the corresponding counterdiabatic coupler using the parameters shown by the solid lines in Fig. 3(a) . The design result is shown in Fig. 7(a) . We note that, as illustrated in Fig. 3 , the coupling coefficient and mismatch of the adiabatic coupler and the corresponding counterdiabatic coupler are different, thus their device geometries are different in Fig. 6 and Fig. 7 . We again excite the lower waveguide by its unperturbed mode at z = 0, and the BPM result and the corresponding waveguide power evolution are shown in Fig. 7 . The power evolution in Fig. 7(b) again agrees very well with the coupled-mode equation solution shown by the solid lines in Fig. 2(a) . The counterdiabatic coupler in Fig. 7 is the optimised design corresponding to the adiabatic coupler in Fig. 6 , showing the properties of an ideal adiabatic coupler by following the theoretical eigenmode power evolution. 
L = 500μm devices
Next, we consider an extreme case by reducing the device length by ten-folds to L = 500 μm, and the coupling coefficient and mismatch of the adiabatic coupler still obey κ = κ 0 sin(πz/L) and Δ = κ 0 cos(πz/L) with κ 0 = 1 mm −1 . The resulting adiabatic coupler and the corresponding counterdiabatic coupler are shown in Fig. 8 . We also show the BPM results in the couplers by exciting the lower waveguides by their unperturbed modes at z = 0. Clearly, this adiabatic coupler design in Fig. 8(a) is a bad one, and the coupling efficiency to the upper waveguide is low due to violation of the adiabatic condition L π 2 mm. For the corresponding counterdiabatic coupler in Fig. 8(b) , power is transferred to the upper waveguide according to the counterdiabatic formalism. This example clearly shows that the counterdiabatic formalism works by the additional coupling term H cd , with the additional coupling strength evident from the closer waveguide spacing in the counterdiabatic coupler in Fig. 8(b) as compared to the adiabatic coupler in Fig. 8(a) . Started with a bad adiabatic design, the counterdiabatic formalism has successfully generated a short and high-fidelity counterdiabatic coupler.
We conclude this section by noting that the adiabatic coupler and its corresponding counterdiabatic coupler have different geometries because they have different coupling coefficients and mismatches. The counterdiabatic coupler can be regarded as an optimised design of the corresponding adiabatic coupler, possessing the properties of an ideal adiabatic coupler at short length and with high-fidelity. 
Discussion and conclusion
We used numerical solution of the coupled-mode equations and BPM simulations to show that the counterdiabtic formalism can be used to design short and high-fidelity waveguide couplers. Although only a particular taper design function for the adiabatic couplers is discussed in the examples, the focus is to illustrate theoretically and numerically the idea of the counterdiabatic formalism and its application to mode-evolution based coupled-wave devices, rather than the comparison of particular design approaches. Better taper functions can be found for the adiabatic devices [2, 21] , however, the devices still work under the adiabatic approximation. On the other hand, the counterdiabatic formalism can be applied to any adiabatic design, and the resulting counterdiabatic device will follow exactly the adiabatic modes of the original design.
In the theoretical analysis, only two guided modes are considered. For a coupled-mode device with more than two guided modes, it is analogous to a multistate quantum system [22] , and the counterdiabatic protocol can be directly implemented. For example, a shortcut to mode conversion in a multimode waveguide involving three guided modes has been demonstrated [13] . For planar coupled waveguide systems such as the one considered in Fig. 1 , direct application of the counterdiabatic protocol results in coupling terms that are not physically realisable. In this paper, we demontrated that the imaginary coupling term can be eliminated by a proper unitary transformation for a two modes system, thereby rendering the design realisable with coupled waveguides. Whether a similar basis rotation exists for coupled waveguide system with more then two modes remains a subject of further research. The inclusion of other waveguide design considerations, such as the radiation mode and its analogy with a state that can decay, into the analysis and subsequent application of the fast and high-fidelity quantum driving protocols also requires further investigation.
In conclusion, we have derived a universal formalism for the design of short and highfidelity mode-evolution based coupled-waveguide devices using the counterdiabatic protocol ti and proper unitary transformation. A geometrical interpretation of the physical origin of the unitary transformation is given. Numerical calculations and BPM simulations agree with the theory. Tolerance analysis shows that the counterdiabatic devices combines the advantages of adiabatic and resonant devices. Counterdiabatic couplers are designed using the formalism. The result is applicable to any coupled-wave devices that can be described by the scalar and paraxial wave equation.
